Thanks to their unique properties, nematic liquid crystals feature a variety of mechanisms for lightmatter interactions. For continuous-wave optical excitations, the two dominant contributions stem from reorientational and thermal nonlinearities. We thoroughly analyze the competing roles of these two nonlinear responses with reference to self-focusing/defocusing and, eventually, the formation of nonlinear diffraction-free wavepackets, the so-called spatial optical solitons. To this extent we refer to dye-doped nematic liquid crystals in planar cells and continuous-wave beams at two distinct wavelengths in order to adjust the relative weights of the two responses. The theoretical analysis is complemented by numerical simulations in the highly nonlocal approximation and compared to experimental results.
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I. INTRODUCTION
Liquid crystals (LCs) are a fascinating state of matter, simultaneously exhibiting physical properties usually associated with either solids or liquids. This is due, with some exceptions [1] , to the decoupling between positional and orientational order of the constituting organic molecules: depending on the chemical structure and external physical conditions (temperature, pressure), molecular position and orientation are characterized by a different symmetry [2] . In this Paper, we focus on the case in which the position of the molecules is random on the long range, whereas their direction shows a finite degree of orientational order, i.e., on the nematic phase. Composition and arrangement of LCs reflect on their physical and optical properties: LCs usually behave as anisotropic crystals, but with a pointwise direction of the principal axes [2] . At the same time, the high mobility of the LC molecules favors a high degree of tunability through the application of external electric and/or magnetic fields, regardless of their oscillation frequency. Thermotropic LCs are also highly sensitive (including phase transitions) to temperature changes [3] . All these characteristics have been exploited in several areas, the most important being the display technology [4] . In optics and photonics, LCs are currently used in many other applications, involving optical signal processing with tunable devices [5] , temperature sensing [6] , tunable lasing action [7] , spatial light modulation [8] , wavefront manipulation via the Berry phase [9] , among others. The strong tunability of LCs is present even at optical frequencies. Thus, LCs feature a very strong optical nonlinearity [10] . Depending on the excitation, different kinds of nonlinear mechanisms come into play, such as reorientational, thermal, photorefractive, electrostrictive, elec- * alessandro.alberucci@tut.fi tronic responses, as well as due to modulation of the order parameter [11] [12] [13] [14] [15] . Hence, on the one hand LCs are an ideal workbench to investigate the interplay between different nonlinearities [16] [17] [18] , on the other hand nonlinear optics helps studying the properties of new LC mixtures, including those doped with dyes [19] [20] [21] . In the context of nonlinear optics, materials often exhibit an overall response resulting from the combination of various processes [22] . The interplay/competition of nonlinear mechanisms leads to a rich scenario of alloptical phenomena [23] , in many cases adding extra degrees of tunability and disclosing new ways to optical manipulation and signal processing. Early examples to this extent concerned the study of an intensitydependent refractive index in Kerr materials with additional higher order contributions [24] [25] [26] . To date, a number of side and higher-order effects have been combined with a self-focusing cubic response as means to stabilize two-dimensional (2+1)D soliton solutions, in time or in space [27] [28] [29] [30] , while other examples of the occurrence of two distinct nonlinear responses include spatiotemporal confinement of light into bullets, predicted in nonlocal/noninstantaneous media [17, 31, 32] . In this Paper we address the interplay and competition of the two dominant LC nonlinearities when the input is a continuous wave (CW), that is, reorientational and thermo-optic responses to light. We consider a standard planar cell much longer than the diffraction length of the input beam in order to study the mutual role of linear diffraction and nonlinear effects. In fact, both nonlinearities manifest as point-wise changes in the refractive index. At the same time, both of them exhibit a highly nonlocal character, i.e., a light-induced perturbation much wider than the exciting beam [33] [34] [35] . Since reorientation usually dominates over thermo-optical effects in pure LCs, we consider a specific guest dopant added to the host LC mixture in order to enhance light absorption in a specific range of wavelengths [16, 18] . Thereby, employing one wavelength inside and one outside the absorption band of the dye, we can evaluate the interaction of the two responses when simultaneously excited. Using the highly nonlocal approximation [33] , we model the behavior of the two nonlinearities when acting alone or together, considering both the propagation of a single beam or the interaction of two beams at different wavelengths. Finally, we compare our theoretical findings with experimental measurements.
II. NONLINEAR LIGHT PROPAGATION IN NEMATIC LIQUID CRYSTALS
In the nematic phase (nematic LCs, NLCs), the molecules lack positional order on the long range, but have a high degree of orientational order on macroscopic distances [2] . NLCs are usually featured by a cylindrical symmetry around an axis, termed molecular directorn. The fieldn provides the average direction of the long axes in any given point [11] ; optically,n is the optic axis of the effective uniaxial medium. To determine the values of each element of the dielectric tensor, further data on the molecular distribution are required, including the order parameter S, which roughly corresponds to the standard deviation of the molecular distribution aroundn. The two independent eigenvalues of the dielectric tensor are n 2 ⊥ and n 2 , corresponding to plane waves propagating with phase velocities c/n ⊥ and c/n , respectively (c is the speed of light in vacuum) and electric fields oscillating orthogonal or parallel ton for n ⊥ or n , respectively. The thermo-optic effect in NLCs stems from the marked dependence of S on temperature [2] , in turn due to the temperature dependence of the refractive indices n ⊥ and n [36]
where T NI is the temperature of the nematic-isotropic transition for a given NLC mixture, whereas A, B, β and (∆n) 0 are fitting parameters derived from experimental measurements [37] . From Eqs. (1-2) it is clear that n ⊥ increases with temperature if n > n ⊥ [(∆n) 0 > 0 for positive NLCs], whereas n decreases at double rate with respect to n ⊥ . Fundamental [38] and higher-order solitons [39] based on thermal nonlinearity have been reported in NLCs.
For a given direction of the wave vector k, the eigensolutions of the Maxwell's equations corresponding to n 2 ⊥ and n 2 are ordinary and extraordinary plane waves, respectively. The ordinary electric field (o−wave) is always orthogonal to the directorn and the phase velocity of the wave is c/n o = c/n ⊥ . Conversely, the extraordinary (e−wave) electric field is coplanar with the wave vector k and the directorn, with a phase velocity c/n e = c/n e (θ) which depends on the orientation angle θ between k and n [36] (n e (0) = n ):
Moreover, the extraordinary beam propagates in the plane (k,n) with a Poynting vector tilted with respect to the wave vector by the walk-off angle δ = arctan[ a sin 2θ/( a + 2n 2 ⊥ + a cos 2θ)] [40] , where a = n 2 − n 2 ⊥ > 0 is the optical anisotropy, usually positive in NLCs. As already stated, the dominant nonlinear optical responses in NLCs excited by CW lasers are thermal and reorientational. Thermal nonlinear effects occur, for example, when absorption causes a reduction of the order parameter, with a net decrease (increase) of n (n ⊥ ) [41, 42] [Eqs. (1) (2) ]. Instead, the reorientational nonlinearity originates from collective rotation of molecules induced by light [10, 11, 13] . In the case of reorientation, the electric field E of a light beam induces a molecular dipole which tends to align to E. The net result is an electromagnetic torque Γ = 0 a (n · E)(n × E). The equilibrium position of the director is determined by the balance between the torque Γ and the elastic forces associated with intermolecular links and anchoring conditions, the latter set at the cell edges [11] . When light is purely extraordinary polarized, the all-optical reorientation of the directorn results in an increase of θ, leading in turn to an increase in n e (θ), as stated by Eq. (3). The net effect is beam self-focusing. The reorientational nonlinearity is polarization-dependent as well: ordinary input beams orientate the molecules only beyond the Fréedericksz threshold [43] , whereas extraordinary beams can induce nonlinear effects at very low powers [44] . When an e−polarized bell-shaped beam propagates in NLCs, self-focusing at mW excitations can yield light self-confinement and the generation of bright spatial solitons, also termed nematicons [45] , due to the self-induced transverse refractive index profile. Nematicons are selftrapped beams as well as light induced waveguides for co-polarized signal(s); they can be controlled/routed alloptically, electro-optically, magneto-optically as well as by refractive perturbations, interfaces, boundaries, leading to the implementation of guided-wave circuits for signal addressing and processing [46] [47] [48] [49] [50] [51] [52] [53] [54] . An important feature of self-trapped beams in NLCs is the high degree of nonlocality characterizing the light-induced refractive index potential. As a matter of fact, the light-written index well extends far beyond the beam profile itself, thus preventing the insurgence of catastrophic collapse [34, 55] . In this limit the nonlinear index change ∆n can be approximated by a parabolic shape ∆n = −φ 2 (x 2 +y 2 ), i.e., the system resembles a quantum harmonic oscillator [33] . In writing the expression for ∆n, we assumed k ẑ, with the plane xy normal to the wave vector. Nematicons are shape preserving, but in general spatial solitons in NLCs breathe with excitation dependent periodic oscillations in width and peak intensity [56] . The z-dependence of the beam width for light propagating in a parabolic index well is given by [33, 57, 58] n 0 2
with n 0 the average refractive index and, in the nonlinear case, φ 2 depending on the light distribution.
Here we are interested in the competition between reorientational and thermal effects. In order to study the interplay between these two responses, we employed dyedoped nematic liquid crystals to enhance the optical absorption in a finite region of the spectrum [42] , as detailed in the following section. The sample is sketched in Fig. 1(a) . To contain the NLC and maintain the desired molecular alignment, a planar cell was realized with two parallel glass slides separated by h ≈ 100 µm, with the inner interfaces mechanically rubbed to yield uniform planar anchoring of the director at θ 0 = 45
• with respect to the z axis. The cell was filled with the host 6CHBT (n ⊥ = 1.5021, n = 1.6314 @λ = 1064 nm and n ⊥ = 1.52, n = 1.6746 @λ = 532 nm, room temperature) doped with 0.1% of the Sudan Blue dye [59] , the latter showing a main absorption peak at λ ≈ 604 nm [see Fig. 1(b) ]. Light attenuation in an NLC sample can be described by the (intensity) absorption coefficient α ov :
The term α el corresponds to the Rayleigh-like scattering, thus implying no changes in temperature. Conversely, the term α accounts for inelastic scattering, responsible for warming up the sample. When a resonant dye is added to the NLC host, in the limit of small concentrations only the term α changes, allowing to control the amount of heat generated by light in the NLC. In addition, the strong NLC anisotropy yields -in general-a dichroic response, with α ov depending on the polarization. We used two CW laser beams of different wavelengths to change the relative weight of the two nonlinear responses. The beam at λ = 1064 nm, away from the dye resonance, excites reorientation. The second beam, with wavelength λ = 532 nm is within the absorption band of Sudan Blue to enhance the thermal nonlinearity [16] . The two beams are coupled into the sample by focusing them with a microscope objective to a waist of ≈ 3 µm at the input section z = 0. The beam evolution is observed by collecting the out-of-plane scattered light with a CCD camera and a microscope.
IV. COMPARISON BETWEEN REORIENTATIONAL AND THERMAL NONLINEARITIES A. Reorientational nonlinearity
The most known all-optical effect in NLC for CW excitations is the reorientational nonlinearity. Describing the director distribution by the angle θ, molecular reorientation in the single elastic constant approximation obeys [2]
where E is the slowly varying envelope of the propagating field. In Eq. (6) we wrote explicitly the dependence of the material parameter ( a and K) on the temperature T . Eq. (6) is valid for a linear input polarization, with the field parallel tox (the ordinary component in the unperturbed NLC, with reorientation in the xz plane) or toŷ (extraordinary component, reorientation in yz). As well known, the ordinary wave is subject to the optical Fréedericksz threshold, that is, the director starts to rotate only beyond a given optical power [13, 41] ; conversely, the extraordinary component undergoes threshold-less reorientation, allowing for the observation of self-focusing even at modest powers. In particular, for small reorientations (θ = θ 0 + ψ and ψ θ 0 ) we can assume θ ≈ θ 0 in the sine term in Eq.(6), the latter thus becoming a Poisson's equation, linear in beam intensity I ∝ |E| 2 . Hereafter we will proceed in the small reorientation approximation when solving Eq. (6), consistently with the configuration shown in Section III and described by θ 0 = π/4 [40] .
B. Thermal nonlinearity
Simultaneously to the torque exerted on the NLC molecules, the beam heats the sample through absorption. Neglecting convection [60] , the temperature fulfills a Poisson's equation
where Z 0 is the vacuum impedance. In Eq. (7) both the optical absorption α j and the refractive index n j change according to the polarization (with ordinary index n ⊥ or extraordinary index given by Eq. (3)) of the propagating wave. In writing Eq. (7) we neglected the spatial anisotropy of the thermal conductivity κ in NLC.
C. Interplay between heat flow and molecular reorientation
Equations (6-7) allow us to compute the nonlinear perturbation of the temperature distribution and the director field. Once T and θ are known, Eqs. (1-3) allow to describe the overall index well -n e (θ, T ) or n o (T ) according to the input polarization-induced by light. The relative weight of the two nonlinearities and their consequent interplay can be addressed assuming a Gaussian intensity profile I ∝ exp[−2(x 2 + y 2 )/w 2 ] and neglecting the derivative in the propagation direction (i.e., the Poynting vector) in Eqs. (6-7): in this limit a closed form solution can be found for the Poisson's equation. The maximum transverse reorientation θ m and temperature T m (on beam axis) are then [61] 
where
, T 0 is the room temperature and P is the beam power. Noteworthy, neither θ m nor T m depend explicitly on the wavelength. We stress that, if the boundary conditions applied to Eqs. (6-7) are the same [62], the spatial profile of the nonlinear perturbation is the same for both the nonlinear mechanisms. This is true whenever the anisotropy in the elastic properties and in the thermal conductivity of the NLC is neglected. In other words, the ratio between reorientational and thermal contributions does not vary point by point, at least for small variations of T m and θ m across the sample. A key parameter is the magnitude of the parabolic index well φ 2 , unambiguously determining the intensity distribution of a single beam in the highly nonlocal limit. A simple analytical relationship between φ 2 and the beam intensity peak can be easily found by a Taylor's expansion [56] . For the reorientational and the thermal cases we respectively find
with η a fit coefficient (equal to 2) introduced to improve the matching between model and exact solutions [63, 64] . The two quantities φ 2,θ and φ 2,T can be substituted into Eq. (4) to find how the beam radius varies along z. Assuming φ 2 = Ω/w 2 in agreement with Eqs. (10) (11) , the beam width evolves according to [58] 
Let us now discuss the character -focusing or defocusingof the two nonlinearities with respect to the initial temperature T 0 of the NLC layer. The coefficient φ 2,θ is always positive because reorientation increases the refractive index. Conversely, φ j 2,T can be either positive or negative, in agreement with Eqs. (1-2) . In particular, φ ord 2,T is negative, whereas φ ext 2,T changes its sign as the director orientation θ varies via the coefficient dn ext /dT = dn e /dT , with θ changing the relative weight of n ⊥ and n in determining n e (θ) [see Eq. (3)] [36] . Since for small anisotropy a we can write
Equations (1-2) yield
(14) Equation (14) states that, in our configuration with θ 0 = π/4, the thermo-optic response for the extraordinary component is defocusing when B > 0. When B < 0 the response is defocusing if
T NI is satisfied. For example, at λ = 1064 nm in the mixture 6CHBT with θ 0 = π/4, Eq. (14) is negative only for temperatures above 307K. Finally, the magnitude of the nonlinear effects increases as the temperature approaches the transition temperature T NI [36] .
D. Ordinary polarization
The ordinary case is quite simple: below the Fréedericksz threshold, only the thermal nonlinearity is active, thus light undergoes self-focusing (defocusing) when dn ⊥ /dT > 0 (dn ⊥ /dT < 0) [15] , with beam dynamics determined by Eqs. (9) and (11). Reorientation occurs above the threshold, so both the nonlinear mechanisms take place at the same time. A crucial issue is whether reorientation or nematic-isotropic transition takes place first. To answer, let us assume a beam invariant along z; the power P th corresponding to the Fréedericksz threshold is found from (8) by setting θ 0 = 0. The optical threshold power P th is then [65] P th (T m ) =
Similarly, starting from (9), the power P NI required to reach the nematic-to-isotropic transition is
As expected, the ratio Γ = P th /P NI , determining which phenomenon occurs first, does not depend on the beam width w but only on material parameters, the latter depending on wavelength and temperature. The logarithm of the ratio P th /P NI is graphed in Fig. 2 versus sample temperature for three values of absorption. When Γ is lower than 1, the threshold is overcome before the transition to the isotropic phase. Conversely, when Γ > 1 the Fréedericksz transition is preceded (hence, washed out) by the phase transition from the nematic to the isotropic state.
E. Extraordinary polarization
The extraordinary polarization case is more complicated tham the previous one due to direct competition of two nonlinearities with opposite signs [see Eq. (14)]. The dominant term can be found by a direct comparison between Eq. (10) and Eq. (11) . The overall nonlinear effect will be focusing when
Using Eqs. (13) and (14), conserving only the lowest order terms in a , Eq. (17) can be recast as
Typical results are illustrated in Fig. 3 for parameters corresponding to the mixture 6CHBT. The overall nonlinearity will be defocusing (i.e. thermal heating prevailing on molecular reorientation) in the presence of a large absorption. When the absorption reduces, reorientation becomes dominant. The relative weight of the two mechanisms depends on temperature: thermal effects undergo a steep increase close to T NI , thus reorientation dominates over heating for temperatures far below the transition. The temperature interval where the torque prevails on heating gets wider as absorption diminishes, becomes very narrow for undoped NLC (α Let us now specialize our general considerations to the sample we used in experiments and detailed in Section III. For the sake of simplicity, we neglect NLC dichroism and take α independent from the wave polarization. We can estimate a strong absorption α α el , equal to about 9×10 3 m −1 , for λ = 532 nm due to the presence of the dopant. At λ = 1064 nm no resonance with the dye is excited (negligible α) and α ov ≈ 10 2 m −1 , as in standard NLC. Figure 4 graphs the width of the fundamental (single-humped) soliton versus input power of the beams at the two wavelengths. These solitary waves are scalar, i.e., they encompass only one polarization (ordinary or extraordinary) at a given wavelength. The soliton features have to account for both nonlinearities with a twofold interplay: on one side, a direct competition between the two nonlinear index wells, i.e., between the two all-optical wave-guiding effects quantified by Eqs. and plotted in Fig. 3 for the extraordinary polarization; on the other side, an increase in temperature changes the material properties, including the elastic response (via the effective Frank's constant K) and the dielectric response according to Eqs. (1-2) (see Section VIII B and Fig. 11 in the Appendix for more details) [66] . The IR beam is able to excite a bright soliton with either input polarizations. When the polarization is extraordinary (y-polarized beam) reorientation always overcomes thermal effects [see Fig. 3(b) ]. An upper bound for soliton power exists due to the isotropic-to-nematic transition [see Eq. (16)]. The soliton width does not decrease monotonically with power, owing to a decrease in the reorientational respone via heating [see Fig. 3(b) ]. The ordinary wave can also excite a soliton of purely thermal origin, even if such solitons are much wider than reorientational ones (tens of microns with respect to a few microns for typical powers, see Fig. 4 ). With reference to the reorientational soliton, the thermal effect increases as the transition to the isotropic phase is approached (Fig. 10) . Noteworthy, to ensure the observability of a scalar thermal soliton, the power must remain below the Fréedericksz threshold, the latter given by Eq. (15) once the waist of the corresponding soliton is used instead of the generic beam width w. In Fig. 4 (center panel) the existence branches where the Fréedericksz threshold is surpassed are marked by dashed lines. Due to the much larger absorption and the different dispersion, self-trapping of green waves strongly differs from the infrared case. First, the extraordinary component never forms a bright soliton owing to the dominant defocusing of thermal origin (Fig. 3) . Conversely, an ordinary-wave thermal soliton can fe formed. Due to the magnitude of the absorption, the soliton can be very narrow (see Fig. 12 ), but self-trapping can take place at very small powers (less than 1mW) and in a very narrow range dependent on the initial temperature T 0 . Similarly to the IR case, the power upper bound corresponds to the nematic-to-isotropic phase transition at T > T NI . The lower bound is associated with the peculiar dispersion of n ⊥ at this wavelength: for T < 300.15 K the ordinary index decreases with temperature (see Fig. 10 in the appendix), thus a bright soliton can exist only when the power inverts the sign of the nonlinearity and yields selffocusing. In agreement with this, the existence curves for solitons shift towards lower powers as the initial temperature increases.
V. EVOLUTION OF THE BEAM WIDTH
In this section, using Eqs. (4) and (10-11), we use the semi-analytical model of Ref. [67] to study theoretically how a fundamental Gaussian beam propagates in doped NLC, considering both polarizations separately and two wavelengths, one off-resonance (IR) and one (green) strongly absorbed. As input, we will take a Gaussian beam of input width w 0 and possessing a flat phase profile in the input section z = 0.
A. IR beam alone
The behavior of the IR beam width versus z was computed numerically by solving Eq. (4) for different input powers and is plotted in Fig. 5 . For the extraordinary component [ Fig. 5(a-b) ], we only accounted for the reorientational index well given by Eq. (10), as it is predominant with respect to the thermal effect (see Fig. 3 ); in the calculation, however, we included the thermal modulation of the NLC parameters (refractive indices and elastic constants) through absorption. In agreement with previous literature, strong self-focusing yields spatial solitons at a few mW powers. The dynamics of soliton formation depends on the input beam width: self-focusing of wider beams is eased owing to less diffraction [67] . Losses due to Rayleigh scattering (not contributing to thermal heating) affect self-trapping and increase both the average beam width in propagation and the oscillation period (see solid and dashed lines in Fig. 5 ). In the ordinary polarization, the beam follows a similar dynamics induced by the thermal nonlinearity, which is the only one active for powers below the Fréedericksz transition (expressed by Eq. (15)). Even though the power required for self-focusing is much higher because of a lower nonlinearity, the influence of scattering losses and input beam width is analogous to the extraordinary case.
B. Green beam alone
The behavior of the green beam, when the input polarization is ordinary, is plotted in Fig. 6 . At low powers, small increases in beam divergence are observed owing to the defocusing sign of dn ⊥ /dT for T < 300.15 K (see Fig. 10 ). At higher powers, the thermal nonlinearity becomes self-focusing. Due to the higher absorption α in the green, self-lensing is stronger near the input interface with respect to the infrared case, but self-trapping fades away more rapidly due to larger losses. In fact, as the absorption α increases (e.g., larger concentration of dopants), the minimum beam width gets smaller but, at the same time, the beam starts to freely diverge after shorter propagation distances z. This effect is prominent for small input beam widths [see Fig. 6(a,c) ]. For wider input beams, self-trapping is more prone to occur and survives on larger distances from the input interface as well [ Fig. 6(b,d) ].
The propagation of the extraordinary green beam is more involved than in the infrared case: due to the large absorption, thermal and reorientational nonlinearities are comparable, and both have to be accounted for simultaneously. Figure 7 (a) plots beam width versus z for an input width of 2 µm and four absorption coefficients α. For small absorption, reorientation is dominant and an overall focusing takes place. Between α = 2 × 10 3 m −1
and α = 3 × 10 3 m −1 , the thermal response overcomes the reorientational nonlinearity, yielding a monotonic increase in beam divergence versus input power as compared to the linear case, i.e., self-defocusing in agreement with Fig. 3 . Due to the large increase in temperature, an extraordinary beam is also able to change its own trajectory: the light-induced temperature increments T m − T 0 yield a power-dependent change in walk-off via Eqs. (1-2). In particular, for θ 0 = 45
• walk-off decreases with power: the wave-fronts remain unperturbed (the average wave vector remains normal toẑ) but the Poynting vector changes direction. Fig. 7(b) shows the computed walk-off angle δ = δ(θ 0 = π/4, T = T m ) versus z. For z 1/α ov , the walk-off tends to δ = δ(θ 0 = π/4, T = T 0 ), i.e., the beam direction with respect to z corresponds to the linear case. Power-driven variations in walk-off mimic the trend of the maximum temperature T m , with an exponential decay along z with slope given by the overall losses α ov .
VI. CO-PROPAGATION OF A WEAK PROBE AND AN INTENSE IR BEAM
In this section we will investigate experimentally the light propagation when the impinging wavelength is outside the dye absorption band: in our case λ = 1064 nm. We launched a linear polarization exciting either ordinary (x-polarized) or extraordinary (y-polarized) waves. beam at P vis = 100 µW, unable to excite either the reorientational nonlinearity or appreciable thermal effects, co-polarized and co-launched with an intense IR beam. The IR beam impinges normally to the sample, both for extraordinary and ordinary polarizations; the probe is launched so that its path in the NLC overlaps with the IR. Thus, the green beam wave vector in the extraordinary polarization is tilted so that the two waves share the same Poynting vector direction, regardless of dispersion and walk-off (Fig. 10) . Let us start with the ordinary polarization. The beam evolution for various IR beam powers is plotted in Fig. 8(a-d) . Fig. 8(e) shows the normalized beam width w/w 0 and the beam shift ∆y with respect to the input section versus the input IR power, measured at a distance z = z p = 0.25 mm from the input interface. No appreciable variations are observed, neither in beam size nor in trajectory. Regarding the latter, no changes are expected as the walk-off is zero for this polarization. With refer-ence to the beam size, Fig. 4 predicts a minimum soliton width of about 7 µm around P = 20 mW; due to the fact that the input waist is about 3 µm, the ordinary wave is negligibly affected by thermal self-focusing. Such behavior is also confirmed by the calculated width in Fig. 5(c) in the presence of scattering losses (dashed lines), where even for P = 50 mW the beam undergoes spreading at z p = 0.25 mm. Furthermore, the Fréedericksz transition, estimated at powers just below 20 mW (Fig. 4) , is not observed up to P IR = 50 mW, when detrimental effects from heating (like formation of isotropic bubbles related to the isotropic-nematic transition in NLC regions) take place. Such discrepancy between theory and experiments can be attributed to inhomogeneities in director distribution at the cell entrance, possibly through the formation of a meniscus at the interface air-NLC. Such imperfections can affect reorientation more than the thermal flow. The evolution of the extraordinary wave is shown in Fig. 8(f-i) at four powers. For the sake of a quantitative discussion, Fig. 8(j) graphs the normalized beam width w/w 0 and lateral shift ∆y in z = z p . The extraordinary polarized beam at low powers has its Poynting vector at a walk-off angle δ(π/4) ≈ 4.5
• (the theory predicts 4.8
• at T = 295 K). Small variations can be observed in the beam trajectories with increasing powers, as lower walk-off is associated to a slightly reduced anisotropy in regions with higher temperatures (see Fig. 10 ). The width of the probe versus z shows appreciable changes for P IR > 1 mW due to the waveguide induced by molecular reorientation. The beam width at z = z p = 0.25 mm is about the same as at the input section when P IR ≈ 4 mW. This is in good agreement with Fig. 5(a) , where the beam width reacquires the same value inside the NLC cell for powers between 3 and 5 mW. For higher powers, consistently with Fig. 5 (a) the width measured in z p oscillates around the size of a shape-preserving soliton, between 1.5 µm and 4 µm for 5 mW < P < 40 mW according to the leftmost panel in Fig. 4 .
VII. LIGHT PROPAGATION AT WAVELENGTH WITHIN THE ABSORPTION BAND OF THE DYE
When the green probe propagates by itself in the cell, the observed behavior drastically changes, as predicted. Let us first analyze the evolution of the ordinary component, shown in Fig. 9(a-d) with quantitative features in Fig. 9(e) . When the green power is above 3 mW, the beam experiences thermal self-focusing; for P = 6.5 mW, the beam shrinks down to a size close to the initial value; further increases in power eventually lead to the nematicisotropic transition. This agrees well with the theoretical results plotted in Fig. 6(a) . Finally, the transverse position of the ordinary beam slightly depends on the input power, due to slight variations in wave vector near the NLC-air interface and probably to a meniscus (as specu- lated in the previous case above), with slightly asymmetric boundary conditions near the beam entrance. Considering the extraordinary polarization, graphed in Fig. 9(f-j) , a quasi-linear increase of beam width versus input power is observed [see Fig. 9 (j)], associated with defocusing for P > 1 mW. The lateral displacement ∆y at P = 6.5 mW is twice smaller than in the linear regime (low powers). Such a deflection cannot be ascribed solely to thermally-induced changes in walk-off: as visible in Fig. 7 , in fact, such gradual changes should be limited to about 0.5
• . These experimental results prove that the wave vector undergoes a nonlinear deflection as well, in analogy with what we previously described for green ordinary waves.
VIII. CONCLUSIONS
We investigated the interplay between two competing optical nonlinearities in NLCs, the reorientational and the thermal one. In the highly nonlocal limit and for small light-induced rotations of the director, the two ef-fects share the same profile for the nonlinear perturbation. As a direct consequence, in the highly nonlocal regime the relative weight of the two responses does not depend on the the spatial profile of the input beam and it is spatially uniform across the NLC layer. We discussed the interplay between the two nonlinearities and its dependence on initial temperature and material absorption. In dye-doped NLCs, the latter can modulate the strength of the opto-thermal effects, usually negligible in undoped NLCs. We showed that there are two different regime for the interplay between the two nonlinearities: i) a direct competition on forming the overall nonlinear index well; ii) a modulation of the parameters determining the NLC response to light. With reference to the latter, we showed that light-induced changes in temperature significantly affect the formation of reorientational solitons even in the undoped case, including the existence of solitons in a limited power range and a nonmonotonic soliton width versus power. Our findings widen the perspective on the unique optical properties of NLCs, the latter being an ideal workbench for the study of nonlinear optics and the interaction between nonlinearities [23, 68] . Future developments include the simultaneous propagation of two beams at different wavelengths and with different profiles [18] . Generalizations to nonlinearities acting on distinct time scales can be envisaged as well when using pulsed sources [17] . Our results, together with semi-analytic models accounting for self-lensing and its dynamics in propagation, show how nonlinear optics in extended samples is an important tool for the complete characterization of NLC mixtures. Having ascertained the quality of the fitting curves, the latter can be used to compute the derivative of n and n ⊥ with respect to temperature, as shown in Fig. 10(c) . Finally, Fig. 10 provides a direct comparison between the approximated formula (14) and the exact expression 
For small optical reorientations the term proportional to (∂θ/∂y) 2 can be neglected. Thus, for an initial angle θ 0 = π/4 an effective elastic constant equal to the average of the three elastic constants can be assumed. The elastic constants for 6CHBT are plotted in Fig. 11(a) , as measured by all-optical methods [69] . All three elastic constants decrease monotonically versus temperature. Fig. 11(b) shows the average Frank's constant K av = (K 1 + K 2 + K 3 ) /3: for temperatures not too close to the transition T NI , K av can be satisfactorily approximated by a linear polynomial with coefficients K av = −0.2173 T + 71.4828. Finally, Fig. 11(c) graphs the ratio of the optical anisotropy and the average elastic constant. All-optical reorientation is stronger at shorter wavelengths and increases with temperature up to T = 40
• C. 
whereas the thermal self-focusing provides an ordinarywave soliton with
The soliton width versus power as predicted by Eqs. (21) (22) ) is plotted in Fig. 12 for a fixed sample temperature. The interaction between the two nonlinearities is neglected, considering only the reorientational effect for the extraordinary wave, and the thermal effect for the ordinary wave. For the infrared beam, corresponding to α ≈ 10 2 m −1 , the reorientational soliton is much narrower than the thermal one; the extraordinary selftrapped wave widens as the temperature approaches the transition value T NI . The size of the ordinary-wave thermal soliton is comparable with the extraordinary-wave soliton (i.e., a few microns) when the sample is close to the nematic-isotropic transition. For the green component, owing to the large absorption, the roles are inverted. Green ordinary solitons can theoretically reach sub-wavelength size owing to the large absorption, and this effect becomes more marked as the temperature approaches the nematic-to-isotropic transition T NI . In actual samples these waves are ruled out by the large losses associated with α and by the fact that strong absorption destroys the nematic phase.
